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Abstract
For a group classX, a group G is said to be a CX-group if the factor group G/CG(gG) ∈ X for all g ∈ G, where CG(gG) is the
centralizer in G of the normal closure of g in G. For the class F f of groups of finite order less than or equal to f , a classical result
of B.H. Neumann [Groups with finite classes of conjugate elements, Proc. London Math. Soc. 1 (1951) 178–187] states that if
G ∈ CF f , the commutator group G′ belongs to F f ′ for some f ′ depending only on f . We prove that a similar result holds for the
class S(d)r , the class of soluble groups of derived length at most d which have Pru¨fer rank at most r . Namely, if G ∈ CS(d)r , then
G′ ∈ S(d)dr ′ for some r ′ depending only on r . Moreover, if G ∈ C(S
(d)
r F f ), then G′ ∈ S(d+3)r ′ F f ′ for some r ′ and f ′ depending
only on r, d and f .
c© 2006 Elsevier B.V. All rights reserved.
MSC: primary 20F24; secondary: 20E45, 20E34
1. Introduction
Let X be a class of groups. A group G is said to be a CX-group if for every g ∈ G, the factor group G/CG(gG) is
an X-group. Here, gG denotes the normal closure of g in G, and CG(H) denotes the centralizer of a subset H in G.
The properties of CX-groups have been analyzed for many choices of X. If for example X = F is the class of finite
groups, CF-groups are commonly known as FC-groups and they are extensively described in [6]. For X = F f the
class of finite groups of a given order at most f , these groups are also called BFC-groups. Neumann [3] proved that
a group G is a CF f -group if and only if its commutator group G ′ is an F f ′ -group, where f ′ = f ′( f ) is a function
depending only on f . This result opened a new line of investigation, namely the question for which group classes X
the property G ∈ CX implies that G ′ lies in X (or in a closely related class). The present paper is a contribution to
that topic.
A group G is said to have finite (Pru¨fer) rank r , or rk G = r for short, if every finitely generated subgroup of G
can be generated by at most r elements. Let S be the class of soluble groups. We denote the class of soluble groups
which have Pru¨fer rank at most r bySr , and we writeS(d) for the soluble groups which are soluble of derived length
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at most d . If X andY are group classes, recall that XY is the class of groups having a normal X-group with aY factor
group. The rest of our notation is standard and can for instance be found in [5].
Polovic˘ki considered groups G ∈ CX for X = the class of C˘ernikov groups. In [4] he proved that in this case G ′ is
locally a G-invariant C˘ernikov group (see also [5], Theorem 4.36). Recently, Kurdachenko, Otal and Pena stated the
following theorem:
Theorem ([2]). Let Rr be the class of periodic radicable C˘ernikov groups of rank at most r . If G ∈ C(RrF f ), then
G ′ ∈ Rr ′F f ′ , where r ′ and f ′ are functions depending only on r and f .
Our main results are:
Theorem 1. If G ∈ CS(d)r , then G ′ ∈ S(d)dr ′ for some r ′ depending only on r.
Theorem 2. If G ∈ C(S(d)r F f ), then G ′ ∈ S(d+3)r ′ F f ′ for some r ′ and f ′ depending only on r, d and f .
Theorem 2 will be applied in Corollary 15 to give a new proof of the above mentioned theorem of Kurdachenko,
Otal and Pena.
The paper is organized as follows. The main work is to prove that Theorem 1 holds for metabelian groups. After
stating some preliminary results in Section 2, Section 3 considers the case of G being nilpotent of class at most two,
and Section 4 solves the metabelian case. Finally, Section 5 provides the proofs of the theorems.
2. Preliminaries
We need some properties of the Pru¨fer rank, which are folklore and can for instance be found in [5]:
Lemma 1. (a) If N is a normal subgroup of the group G, and rk G/N = r and rk N = s, then rk G ≤ r + s.
(b) The direct product of n groups of rank r has rank at most nr .
(c) If N j , j = 1, . . . , n, are normal subgroups of G such that rk G/N j ≤ r , then rk G/∩nj=1 N j ≤ nr.
Let X be a class of groups. The next two lemmas investigate how closure properties of X transfer to the class CX.
These facts will later be used without reference.
Lemma 2. If X is a class of groups which is closed with respect to forming epimorphic images, then so is the class
CX.
Proof. Let G ∈ CX and let N be a normal subgroup of G. Let gN ∈ G/N . The centralizer factor group
(G/N )/CG/N (gNG/N ) is an epimorphic image of G/CG(gG). Since the latter is an X-group, then so is the former
because X is closed under taking epimorphic images. This implies G/N ∈ CX. 
Lemma 3. If X is a group class which is closed under taking subgroups and epimorphic images, then so is CX.
Proof. The closure of CX under taking epimorphic images has been proved in Lemma 2. Let G ∈ CX and let U be a
subgroup of G. Let u ∈ U . The group U/CU (uU ) is an epimorphic image of U/CU (uG), and
U/CU (u
G) = U/(U ∩ CG(uG)) ∼= UCG(uG)/CG(uG) ≤ G/CG(uG) ∈ X.
This proves U/CU (uU ) ∈ X and U ∈ CX, establishing the subgroup closure of CX. 
For subgroups A, B of the group G, the commutator subgroup generated by A and B is denoted by [A, B]. In
order to prove rk [A, B] ≤ f , it is sufficient to verify rk [X, Y ] ≤ f for every finitely generated subgroup X of A and
every finitely generated subgroup Y of B. This reasoning will be used repeatedly and we will refer to it as to the local
argument.
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3. Nilpotent G-modules
For Section 3, let G ∈ CSr for some fixed integer r . In particular, every subgroup and every factor group of G is
also a CSr -group by Lemma 3. A subgroup B will always denote a normal subgroup of G for which [[B,G],G] = 1.
A normal (not necessarily abelian) subgroup N of G will also be called a G-module if we want to emphasize the action
of G on N via conjugation.
Lemma 4. (a) Let K = 〈g1, . . . , gn〉 be an n-generator subgroup of G. Then rk [B, K ] ≤ n · r .
(b) Let L = 〈b1, . . . , bn〉 be an n-generator subgroup of B. Then rk [L ,G] ≤ n · r . For b ∈ B, rk bG ≤ r + 1.
Proof. (a) Let g ∈ G be fixed. The mapping σ : b 7→ [b, g] is a homomorphism from B to [B,G]. Since [B,G]
is central in G, the kernel and the image of σ , the groups CB(g) = CB(gG) and [B, g], respectively, are normal
subgroups of G. Moreover, B/CB(g) ∼= [B, g], so
rk [B, g] = rk B/CB(gG) = rk BCG(gG)/CG(gG) ≤ rk G/CG(gG) ≤ r.
Let x, y ∈ G, b ∈ B. The identity [b, xy] = [b, x][b, y] shows that [B, xy] ≤ [B, x][B, y]. So if K = 〈g1, . . . , gn〉
is an n-generator subgroup of G, then
[B, K ] ≤ [B, g1] · ... · [B, gn] and rk [B, K ] ≤
n∑
j=1
rk [B, g j ] ≤ n · r.
(b) Let b ∈ B. The mapping τ : g 7→ [b, g] is a homomorphism from G to [B,G]. The kernel and the image of τ , the
groups CG(b) = CG(bG) and [b,G], respectively, are normal subgroups of G. An argument analogous to that in (a)
yields rk [L ,G] ≤ n · r . If L = 〈b〉 ≤ B, then
rk LG = rk L[L ,G] ≤ rk L + rk [L ,G] ≤ 1+ r,
proving the second part of the assertion. 
In order to control the rank of [B,G], it is important to construct subgroups H of G for which the rank of some
quotient H/CH (hH ) becomes large if the rank of [B,G] is large. The definition of an n-example is motivated by the
lemma stated thereafter; see [1] for similar constructions.
Definition 5. Let n be a non-negative integer. The subgroup H of G is called an n-example in G if H =
〈b1, . . . , bn, g1, . . . , gn〉 with {b1, . . . , bn} ⊆ B and {g1, . . . , gn} ⊆ G, and H satisfies:
(1) [b j , gk] = 1 for j, k = 1, . . . , n, j 6= k
(2) rk 〈[b j , g j ], j = 1, . . . , n〉 = n.
Lemma 6. If H is an n-example in G, then n ≤ r .
Proof. Let b = b1b2 . . . bn . The mapping ϕ : H → H , g 7→ [g, b] is a homomorphism (recall that [[B,G],G] = 1).
Moreover, ϕ(g j ) = [g j , b] = [g j , b j ] by the properties of an n-example, and Imϕ ≥ 〈[b j , g j ], j = 1, . . . , n〉. Since
H ∈ CSr ,
n ≤ rk Imϕ = rk H/CH (b) = rk H/CH (bH ) ≤ r. 
We come to the key lemma of the paper.
Lemma 7. The rank of [B,G] is at most 5r3.
Proof. We may take G and B to be finitely generated by the local argument. Then [B,G] is finitely generated.
Recall that the rank of a finitely generated abelian group equals the rank of a maximal torsion free subgroup plus the
maximum of the ranks of its p-components. Choosing an appropriate prime p, the rank of [B,G] therefore equals
that of [B,G]/[B,G]p. Dividing by [B,G]p, we may assume without loss that [B,G] is elementary abelian. Choose
an n-example H = 〈b1, . . . , bn, g1, . . . , gn〉 in G, {b1, . . . , bn} ⊆ B, {g1, . . . , gn} ⊆ G, with n maximal (this is
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possible because n ≤ r by the previous lemma). Let CG = CG(HG), and let CB = CB(HG). Note that for the
finitely generated group G/CG ,
G/CG = G/(∩nj=1 CG(gGj ) ∩ ∩nj=1 CG(bGj )) ∈ S2nr
by Lemma 1. So the group B/CB ∼= BCG/CG ≤ G/CG is generated by at most 2nr elements. As a consequence,
CB has a 2nr -generator supplement L in B. By the same reasoning, G/CG is 2nr -generated and therefore has a
2nr -generator supplement K in G. Thus
[B,G] = [LCB, KCG] = [L ,G][CB, K ][CB,CG] = [L ,G][B, K ][CB,CG].
If we let S = [L ,G][B, K ][〈b1, . . . , bn〉, 〈g1, gn〉], the rank of S can be bounded using Lemma 4, namely
rk S ≤ rk [L ,G] + rk [B, K ] + rk [〈b1, . . . , bn〉, 〈g1, gn〉]
≤ 2nr · r + 2nr · r + rk [B, 〈g1, . . . , gn〉]
≤ 4nr2 + nr ≤ 4r3 + r2
≤ 5r3.
Suppose the rank of S is smaller than the rank of [B,G] = S[CB,CG]. Since [B,G] is elementary abelian, this is
equivalent to the requirement that [CB,CG] 6≤ S. Hence there exist elements bn+1 ∈ CB , gn+1 ∈ CG such that
[bn+1, gn+1] 6≤ S and thus
rk 〈[b1, g1], . . . , [bn+1, gn+1]〉 = n + 1.
Let E = 〈b1, . . . , bn+1, g1, . . . , gn+1〉. The group E is a CSr -group and satisfies the properties of an (n + 1)-
example, contradicting the maximality of n. We conclude that the rank of S necessarily equals the rank of [B,G], so
rk [B,G] ≤ 5r3. 
Let Zn(G) be the nth term of the upper central series of G. As a consequence of Lemma 7, we obtain
Lemma 8. For every positive integer n, rk [Zn(G),G] ≤ (n − 1) · 5r3.
Proof. Define Zn = Zn(G). Then, rk [Z1,G] = 0. Assume by induction that rk [Zn−1,G] ≤ (n − 2)5r3 for
some n ≥ 2. Then [[Zn,G],G] ≤ [Zn−1,G], so Zn/[Zn−1,G] ≤ Z2(G/[Zn−1,G]). Hence by Lemma 7,
rk [Zn,G]/[Zn−1,G] ≤ 5r3, and
rk [Zn,G] ≤ 5r3 + (n − 2)5r3 = (n − 1)5r3. 
4. The metabelian case
Throughout Section 4, we encounter the situation where G ∈ CSr is metabelian. Let the group A denote a
normal subgroup of G such that A and G/A are abelian. We adopt the notation [X ,k G] for the k-fold commutator
group [[[X,G],G], . . . ,G︸ ︷︷ ︸
k times
]. A G-module M 6= 1 is called irreducible if M does not contain any proper non-trivial
G-modules and if G does not operate trivially on M , i.e. [M,G] = M .
Lemma 9. (a) Let K = 〈g1, . . . , gn〉 be an n-generator subgroup of G. Then rk [A, K ] ≤ n · r for every abelian
normal subgroup A of G.
(b) Let L = 〈a1, . . . , an〉 be an n-generator subgroup of the abelian normal subgroup A of G. Then rk [L ,G] ≤
rk [LG ,G] ≤ nr2. For a ∈ A, rk aG ≤ r2 + 1.
Proof. (a) Let g ∈ G be fixed. The mapping σ : a 7→ [a, g] is well known to be a homomorphism from A to [A,G].
Since G/A is abelian, we have
σ(ah) = [ah, g] = [ah, g[g, h]] = [ah, gh] = [a, g]h = σ(a)h, h ∈ G.
Hence σ is a G-module homomorphism. Thus the kernel and the image of σ , the groups CA(g) = CA(gG) and [A, g],
respectively, are normal subgroups of G. Moreover, A/CA(g) ∼= [A, g], so
rk [A, g] = rk A/CA(gG) = rk ACG(gG)/CG(gG) ≤ rk G/CG(gG) ≤ r.
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Let x, y ∈ G, a ∈ A. The identity [a, xy] = [a, y][a, x]y shows that [A, xy] ≤ [A, x][A, y]. So if K = 〈g1, . . . , gn〉
is an n-generator subgroup of G, then
[A, K ] ≤ [A, g1] · ... · [A, gn] and rk [A, K ] ≤
n∑
j=1
rk [A, g j ] ≤ n · r.
(b) Note that G/CG(LG) = G/CG(ag1 , . . . , agn ) ∈ Snr . Let K be an nr -generator subgroup of G. Then rk [LG ,
KCG(LG)] = rk [LG , K ] ≤ rk [A, K ] ≤ nr · r by part (a). As the groups {[LG , KCG(LG)]|K an
nr -generator subgroup of G} form a local system of [LG ,G], the rank of [LG ,G] is bounded by nr2. If L = 〈a〉,
then rk LG = rk L[L ,G] ≤ 1+ r2, proving the second assertion. 
Lemma 10. Let B be a G-invariant elementary abelian p-subgroup of A.
(a) If B is the sum of irreducible G-modules, then rk B ≤ r2.
(b) If rk (bG) ≤ n for every b ∈ B, then rk [B ,n G] ≤ (nr2)n .
(c) Generally, rk [B ,r2+1 G] ≤ ((r2+ 1)r2)r2+1.
Proof. (a) We may take B to be a finitely generated G-module. It is possible to write B as a finite direct product
of irreducible G-modules bGj , j = 1, . . . , k. (This is a standard argument which runs as follows: Choose a maximal
set of irreducible G-modules which generate their direct product U . If U were a proper subgroup of B, there would
exist an irreducible submodule V of B which is not contained in U . But then U and V would intersect trivially, and
〈U, V 〉 = U × V , contradicting the maximality of U .) Let b = b1 · ... · bk . Keeping in mind that A and G/A are
abelian,
CG(B) = ∩nj=1 CG(bGj ) = ∩nj=1 CG(b j ) = CG(b) = CG(bG),
since B = bG1 × · · · × bGk . So rk G/CG(B) = rk G/CG(bG) ≤ r . The set {LCG(B)|L an r -generator subgroup of G}
is a local system of G, so {[B, L] = [B, LCG(B)]|L is r -generator} is a local system of [B,G]. Hence there exists an
r -generator subgroup L of G such that rk [B, L] = rk [B,G]. It follows that
rk B = rk [B,G] = rk [B, L] ≤ rk [A, L] ≤ r · r
(the last inequality holds by Lemma 9(a)).
(b) We proceed by induction on n, the case n = 0 being trivial (define [B ,0 G] = B). For n ≥ 1, let S be the product
of all irreducible G-submodules of B, and let D = SCB(G). For each b ∈ B, the subgroup bG contains either an
irreducible G-submodule or a central G-submodule. Thus each bG intersects D non-trivially. If we let G = G/D,
B = B/D, and b = bD, then rk bG ≤ n − 1 for each b ∈ B. Since the hypotheses of the lemma are inherited by G,
induction on n implies
k = rk [B ,n−1 G]D/D = rk [B ,n−1 G] ≤ ((n − 1)r2)n−1.
Choose a k-generator supplement K ≤ [B ,n−1 G] of D in [B ,n−1 G]D. Then we can write
[B ,n G] = [[B ,n−1 G],G] ≤ [K D,G] = [K SCB(G),G] ≤ [K ,G]S.
The group S has rank at most r2 by part (a). The group [K ,G] has rank at most kr2 by Lemma 9(b). Consequently,
rk [B ,n G] ≤ rk [K ,G] + rk S ≤ kr2 + r2 ≤ ((n − 1)r2)n−1r2 + r2 ≤ (nr2)n .
(c) By Lemma 9(b), rk bG ≤ r2 + 1 for each b ∈ B. Letting n = r2 + 1, the result follows from part (b). 
Lemma 11. Let T be the torsion subgroup of A. Then rk [T,G] is r-bounded.
Proof. Without loss, let T be a p-group. By the local argument, we may assume that G is finitely generated and that
T is finitely generated as a G-module. Since T is finitely generated, it has finite exponent, and it has finite rank by
Lemma 9(b). Hence T is finite. Let B be a G-submodule of T . For n = r2 + 1, we bound the rank of B by
rk B = rk B/B p ≤ rk B/[B ,n G]B p + rk [B ,n G]B p/B p
≤ rk B/[B ,n G] + rk [B/B p ,n G/B p]
≤ rk B/[B ,n G] + ((r2 + 1)r2)r2+1.
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The last inequality holds by Lemma 10. Now put B = [T,G]. Then
rk [T,G] ≤ rk [T,G]/[[T,G] ,n G] + ((r2 + 1)r2)r2+1
= rk [T,G]/[T ,n+1 G] + ((r2 + 1)r2)r2+1
= rk [T/[T ,n+1 G],G/[T ,n+1 G]] + ((r2 + 1)r2)r2+1.
Since T/[T ,n+1 G] lies in Zn+1(G/[T ,n+1 G]), the rank of the commutator group [T/[T ,n+1 G],G/[T ,n+1 G]] is
bounded by ((n + 1)− 1) · 5r3 by Lemma 8. In conclusion,
rk [T,G] ≤ (r2 + 1) · 5r3 + ((r2 + 1)r2)r2+1. 
Lemma 12. Let F be a torsion free G-invariant subgroup of A. Then rk [F,G] is r-bounded.
Proof. By the local argument, we may assume that G is finitely generated and that F is a finitely generated G-module.
Then, [F,G] is also a finitely generated G-module, and by Lemma 9.39.1 of [5], the group [F,G] can be embedded
into the additive group of Rn for some n ∈ N and some R = Z[ 1m ], the subring of the rationals generated by Z and
1
m . Hence there exists a prime p not dividing m such that rk [F,G] = rk [F,G]/[F,G]p. Dividing G by [F,G]p,
we may take [F,G] as elementary abelian. Lemma 11 bounds the rank of [[F,G],G] by some function of r . Thus
without loss, [F ,2 G] = 1. Application of Lemma 7 then yields rk [F,G] ≤ 5r3, and hence, in general, rk [F,G] is
r -bounded, as required. 
Proposition 13. G ′ ∈ S(1)r ′ for some r ′ depending only on r.
Proof. Let T be the torsion subgroup of A. By Lemma 11, the rank of [T,G] is r -bounded. Factoring out [T,G],
we may assume T ≤ Z(G). By Lemma 12 (applied to G/T in the place of G, and A/T in the place of A),
rk [A,G]T/T ≤ f for some f depending only on r . Let H be a finitely generated subgroup of [A,G]. Then,
there exists an f -generator subgroup F of [A,G] such that H ≤ FT . Hence [H,G] ≤ [FT,G] = [F,G] and
rk [H,G] ≤ rk [F,G] ≤ f ·r2, by Lemma 9(b). Since H ≤ [A,G]was arbitrary finitely generated, the local argument
yields rk [[A,G],G] ≤ f · r2. So rk [A ,2 G] is r -bounded. Factoring out [A ,2 G], we may assume A ≤ Z2(G) and
[G ,3 G] = [[G,G] ,2 G] ≤ [A ,2 G] = 1. Hence G is nilpotent of class at most 3, and application of Lemma 8 finally
shows that rk G ′ ≤ (3− 1) · 5r3 = 10r3. The proposition is proved. 
5. Proof of the theorems
The generalization of the metabelian case to the soluble case is straightforward, so we come to the proof of
Theorem 1.
Theorem 1. If G ∈ CS(d)r , then G ′ ∈ S(d)dr ′ for some r ′ depending only on r.
Proof. Let r ′ be the bound given in Proposition 13. For d = 1, G is metabelian, and the result follows from
Proposition 13. So assume d > 1. For any g ∈ G ′, the factor group G ′/CG ′(gG ′) is an epimorphic image of
G ′/(CG(gG) ∩ G ′) ∼= G ′CG(gG)/CG(gG) = (G/CG(gG))′. Since G/CG(gG) ∈ S(d)r by hypothesis, it follows
that G ′/CG ′(gG
′
) ∈ S(d−1)r . This fact in turn implies G ′ ∈ CS(d−1)r . Therefore by induction on d, we have G(2) =
(G ′)′ ∈ S(d−1)
(d−1)r ′ . As G/G
(2) is metabelian, G ′/G(2) ∈ S(1)r ′ by Proposition 13. Thus G ′ ∈ S(d−1)(d−1)r ′S(1)r ′ ≤ S(d)dr ′ . 
Theorem 1 has a well known consequence (cf. [5], p. 113ff).
Corollary 14. If G is a soluble group with G/Z(G) of finite Pru¨fer rank, then G ′ has finite Pru¨fer rank.
Proof. Let d be the derived length of G, and let rk G/Z(G) = r . Clearly, G/CG(gG) ∈ S(d)r for every g ∈ G, so
G ∈ CS(d)r . By Theorem 1, G ′ has finite rank. 
The extension from the class CS(d)r to the class C(S
(d)
r F f ) relies essentially on B.H. Neumann’s theorem on
CF f -groups.
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Theorem 2. If G ∈ C(S(d)r F f ), then G ′ ∈ S(d+3)r ′ F f ′ for some d ′ and f ′ depending only on r, d and f .
Proof. For every g ∈ G, let Cg = CG(gG). By the hypothesis, for every g ∈ G there exists a normal subgroup Rg of
G containing Cg such that Rg/Cg ∈ S(d)r and G/Rg ∈ F f . Let R be the intersection of all Rg , g ∈ G. By hypothesis,
R contains Z(G) = ∩g∈G Cg , and R/Z(G) is residually an S(d)-group; hence R/Z(G) ∈ S(d) and R ∈ S(d+1).
Denote by g (resp. U ) the image of the element g ∈ G (resp. of the subgroup U ≤ G) under the canonical
epimorphism G → G/R. The normal subgroups Rg , g ∈ G, satisfy G/Rg ∈ F f , and ∩g∈G Rg = 1. Thus G is
isomorphic to a subgroup of the cartesian product of the groups G/Rg , g ∈ G. Hence the exponent of G divides f1,
the least common multiple of the numbers 2, . . . , f . For g ∈ G, the factor group Rg/Cg has finite exponent dividing
f1, and it is in S
(d)
r ; hence |Rg/Cg| ≤ rd f1 and
|G/Cg| ≤ |G/Rg| + |Rg/Cg| ≤ f + rd f1.
Since G/CG(g
G) is an epimorphic image of G/Cg , we have proved that G ∈ CFrd f1+ f . By B.H.Neumann’s theorem,
G
′ ∈ F f2 for a function f2 depending only on r, d and f . Let H/R = CG(G ′). Then G/H ∼= G/H is a subgroup of
the automorphism group of G
′
. Since the order of the latter group is bounded by f2, the order of the former group is
also bounded by some function f3 depending only on r, d, f . Moreover, (H ′)′ ≤ [G ′, H ] ≤ R by construction of H .
Together with R ∈ S(d+1), this implies H ∈ S(d+3).
Since S(d)r F f is closed with respect to forming subgroups and epimorphic images, so is C(S
(d)
r F f ) by Lemma 3.
Hence the group H lies inC(S(d)r F f ). Together with H ∈ S(d+3), this implies H ∈ C(SrF f ∩S(d+3)) ≤ C(S(d+3)r+ f ).
By Theorem 1, H ′ ∈ S(d+3)r1 for r1 depending only on r, d, f . Dividing by H ′, we may assume H is abelian. Let T
be a transversal of H in G. Then, G ′ = [H, T ][T, T ]. Remember that |T | ≤ f3. For each t ∈ T , the subgroup 〈H, t〉
is metabelian. Consequently, 〈H, t〉 ∈ C(S(d)r F f ∩S(2)) ≤ C(S(2)r+ f ), and by Lemma 9(a), rk [H, t] ≤ r + f . Thus
rk [H, T ] ≤
∑
t∈T
rk [H, t] ≤ f3 · (r + f ).
The group S = [T, T ] is generated by at most f 23 elements. Its subgroup S ∩ H has index at most f3 in S,
so the Schreier subgroup theorem tells us that S ∩ H can be generated by at most f3 · f 23 elements. The rank
of a finitely generated abelian group is bounded by the number of its generators, so rk (S ∩ H) ≤ f 33 . Hence
rk S ≤ rk S/(S ∩ H)+ rk (S ∩ H) ≤ f3 + f 33 . Piecing together the results,
rk G ′ ≤ rk [H, T ] + rk S ≤ f3(r + f )+ f3 + f 33 = r2.
Again, r2 is a function of r, d and f only. Returning to the general case (not assuming H ′ = 1), we see that
rk G ′ ≤ rk (G ′/H ′)+ rk H ′ ≤ r2 + r1 = r3.
The intersection G ′∩H is soluble of derived length at most d+3, and G ′/(G ′∩H) has order at most f3. In conclusion,
G ′ ∈ S(d+3)r3 F f3 , and this completes the proof. 
Remark. We have by no means attempted to obtain sharp bounds. In particular, we have not tried to keep the bounds
polynomial in r .
Finally, we give an application of Theorem 2.
Corollary 15 ([2], Theorem). Let Rr be the class of periodic radicable C˘ernikov groups of rank at most r . If
G ∈ C(RrF f ), then G ′ ∈ Rr ′F f ′ , where r ′ depends on r and f , and f ′ is a function of f .
Proof. By the hypothesis, G ∈ C(S(1)r F f ). By Theorem 2, G ′ ∈ S(4)r ′ F f ′′ , with r ′ a function of r and f , and with
f ′′ a function of f . By Polovic˘ki’s theorem [4], G ′ is locally (normal, C˘ernikov). Let D be the product of all normal
radicable C˘ernikov groups contained in G ′. Then, D is a radicable abelian group ([5], Theorem 10.33) and its rank
is bounded by r ′. So D is the unique largest normal radicable C˘ernikov subgroup in G ′. Let G ′/D contain a normal
radicable C˘ernikov group R/D. Then R is again C˘ernikov, because the property of being a C˘ernikov group is extension
338 A. Tresch / Journal of Pure and Applied Algebra 208 (2007) 331–338
closed ([5], Theorem 3.12). Furthermore R is radicable because it has no proper subgroups of finite index (see [5],
p. 68). The maximality of D forces R = D. Factoring out D, we may therefore assume that G ′ contains no non-
trivial radicable C˘ernikov groups. Note that after division by D we still have G ∈ C(RrF f ) by Lemma 2, since the
class RrF f is closed under taking epimorphic images. Let g ∈ G. If G/CG(gG) is infinite, then so is [g,G]. Hence
[g,G], being a C˘ernikov group by Polovic˘ki’s theorem, would necessarily contain a non-trivial radicable characteristic
C˘ernikov group, which is impossible. This implies G/CG(gG) ∈ F f for every g ∈ G, and using Neumann’s theorem,
G ′ ∈ F f ′ for an f ′ depending only on f . We conclude that in general G ′ ∈ Rr ′F f ′ . 
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